Abstract. In the first part of this paper, we derive explicit expressions of the semi-group densities of generalized stochastic areas arising from the Anti-de Sitter and the Hopf fibrations. Motivated by the number-theoretical connection between the Heisenberg group and Dirichlet series, we express the Mellin transform of the generalized stochastic area corresponding to the one-dimensional Anti de Sitter fibration as a series of Riemann Zeta function evaluated at integers. In the second part of the paper, we focus on winding processes around the origin in the Poincaré disc and in the complex projective line. More pricesely, we derive the fixed-time marginal density of the former process while we give a ultraspherical series expansion of the characteristic function of the latter.
Motivation: The Heisenberg group case
The Lévy stochastic area
where B := (B 1 , B 2 ) is a planar Brownian motion, is a very interesting object in both probability theory and mathematical physics ( [7] ). It arises naturally from the heat kernel of the three-dimensional Heisenberg group H 3 = C × R since the latter is endowed with the standard contact form written in local coordinates (x, y, t):
η H := dt + (xdy − ydx). This form is actually the pull-back of the standard Kähler form α H := xdy − ydx on C with respect to the fibration:
π : H 3 → C, (x, y, t) → (x, y).
The Lévy stochastic area has also a beautiful connection to the Dirichlet series L(s) = +∞ n=0 (−1) n (2n + 1) s associated with the Dirichlet character of Z/4Z. More precisely, for every µ ≥ 0, the following results holds:
where E stands for the expectation of the underlying probability space in which B is defined. At the heart of the derivation of (1) is the Dubins-Schwarz Theorem ( [13] ) together with the knowledge of the Mellin transform:
where (R s ) s≥0 is a two-dimensional Bessel process (see Table 2 in [5] ). In [4] , generalized Lévy stochastic areas were defined by replacing the horizontal part of η H , that is α H , by those of contact forms of the Anti-de Sitter and the Hopf fibrations. Likewise, these contact forms are the pull-back of standard Kähler forms of the hyperbolic ball and the complex projectif space respectively. There, the authors use Girsanov Theorem to derive the characteristic functions of the generalized Lévy stochastic areas at any fixed time t > 0 and prove that they converge in distribution as t → +∞ to Gaussian and Cauchy random variables respectively. However, the densities of these random areas were missed and we shall derive them in the first part of this paper. For the Anti de Sitter fibration, our strategy shows a close connection with the so-called generalized Maass Laplacian and has the merit to make transparent the convergence in distribution to the Gaussian random variable. Moreover, the Maass Laplacian in the Poincaré disc has its origin in number theory and in this complex one-dimensional setting, we shall further express the Mellin transform of the generalized stochastic area as a series of Riemann zeta functions. Doing so establishes a connection with number-theoretical objects in the same spirit (1) and (2) do. As to the Hopf fibration, the derivation of the density of the corresponding generalized stochastic area is rather direct. Indeed, we shall work out the integral representation of its characteristic function proved in [4] using the circular Jacobi semi-group density and obtain a series of Cauchy kernels which we invert termwise.
The second part of the paper is concerned with the winding processes around the origin in the Poincaré disc and in the complex projective line. The generators of these processes are naturally defined as the angular parts of the Brownian motions on the corresponding geometrical models. The characteristic functions of their fixed-time marginals were expressed as integrals of semi-group densities of the hyperbolic Jacobi and the ultraspherical (circular Jacobi with equal parameters) operators. In the hyperbolic setting, the derivation of the windings semi-group density relies on the Euler integral representation of the Jacobi function. Though we are not able to prove a similar result for the winding process in the complex projective line, we shall work out the integral representation of its characteristic function proved in [4] and obtain a ultraspherical series expansion.
Before going through computations and for sake of completeness, we collect in the next section the definitions of special functions occurring in the sequel and related results we will use later. The reader is refer to the standard monographs [1] and [8] for a good account. Section 3 and 4 are devoted to the computations related to generalized stochastic areas and section 5 deals with windings processes in the Poincaré disc and in the complex projective line.
Special functions
We start with the Gamma function defined for x > 0 by:
This function satisfies the Legendre duplication formula:
Next, let k ≥ 1 be a non negative integer. Then the Pochhammer symbol is defined by:
with the convention (x) 0 := 1. When x > 0, we can express it through the Gamma function as:
Now, the hypergeometric series p F q is defined by:
whenever it converges. In this definition, (a i , 1 ≤ i ≤ p) are real numbers while b i ∈ R\ −N for any 1 ≤ i ≤ q. In particular, if a i = −n for some 1 ≤ i ≤ p then the series terminates and we end up with a hypergeometric 2 polynomial. For instance, the Jacobi polynomial of parameters a, b > −1 is represented through the Gauss hypergeometric series:
These polynomials are orthogonal with respect to the Beta weight (1−x) α (1+x) β and their squared L 2 -norm is given by:
If a = b = −1/2, then the Jacobi polynomial reduces (with a different normlization) to Gegenbauer polynomials:
These polynomials admit the following Laplace-type integral representation:
is an even polynomial and may be expressed as:
Finally, let α > −1, β ∈ R and set ρ := α + β + 1. Then, the Jacobi function of spectral parameter µ ∈ R is defined by ( [11] ):
where 2 F 1 is now the Gauss hypergeometric function which is the analytic extension of the Gauss hypergeometric series to C \ [1, ∞[. In particular, we have the Euler integral representation:
provided that the integral converges absolutely. Let us also mention that for special values of their parameters, φ
are zonal spherical functions in hyperbolic spaces and spheres respectively.
The anti-de Sitter fibration
The Anti de Sitter space is the hypersurface in C n+1 defined by:
and the circle acts by on it in a natural way. The coset space of this action is isometric the complex hyperbolic ball CH n and the projection map
is indeed a fibration. In the chart {z n+1 = 0}, this fibration sends the coordinate z j to w j = z j /z n+1 giving rise to inhomogeneous coordinates (w 1 , . . . , w n ) in CH n . Let (w(t)) t≥0 be a Brownian motion on CH n started at the origin (w 1 = · · · = w n = 0). Then its horizontal lift was computed in [4] , Theorem 3.2, and the argument of the corresponding fiber coordinate is the so-called generalized stochastic area:
where the above stochastic integral is understood either in the Stratonovich or in the Itô senses. Recall also from [4] that
is the heat kernel with respect to Lebesgue measure of the hyperbolic Jacobi generator:
r + ((2n − 1) coth r + (2|λ| + 1) tanh(r))∂ r , r ≥ 0, subject to Neumann boundary condition at r = 0. The spectral decomposition of this operator is known (see e.g. [11] and references therein): its spectrum is purely continuous and is given by the set
corresponding to the Jacobi function φ
. As a matter of fact, the heat kernel admits the following integral representation ( [6] ):
where c(µ) is the Harish-chandra function ( [11] ). However, the derivation of the density of θ t,n we prove below appeals to another representation of q (n−1,|λ|) t (0, r) which involves the heat kernel with respect to the volume measure of the 2n + 1-dimension real hyperbolic space H 2n+1 (see e.g. [14] ):
Up to our best knowledge, this new representation have never appeared elsewhere and stems from the intertwining relation between L (n−1,|λ|) and the radial part of the generalized Maass Laplacian below. The issue of our computations is summarized in the following theorem: Theorem 1. The density f t,n of θ t,n , t > 0, is given by:
Proof. The intertwining relation we alluded to above is:
and follows from straightforward computations. Here,
is the radial part of the shifted generalized Maass Laplacian (see Proposition 2.1. in [2] , see also [10] ):
Consequently, if v (n,|λ|/2) t (0, y) the heat kernel of D |λ|/2,n with respect to the measure (this is the radial part of the volume measure of the complex hyperbolic ball):
(0, y) depends only on the hyperbolic distance r = d(0, y), and we get from (12):
Consequently, Theorem 2.2, (i), in [2] together with (11) yield the following expression:
where we set
In particular, we readily deduce that the θ t,n / √ t converges weakly to the Gaussian distribution as t → ∞. Now, perform the variable change cosh(x) = cosh(u) cosh(r), u > 0, for fixed r in the inner integral of the RHS of (13) and use the identity:
to get:
Next, recall the generalized Laplace integral ( [8] ):
where w ∈ C, x ∈ R, α > 0. Specializing this formula to w = iu, α 2 = t/2, x = λ and performing the variable change v → v/2 there, we get:
Finally, we need to apply Fubini Theorem in (15) to get the desired density. To this end, recall from [14] , eq. 3.25, the estimate
and note that
As a matter of fact, s t,2n+1 (cosh(u) cosh(r)) decays as e
−(r+u)
2 /2t , r, u → +∞ so that Fubini Theorem applies. The Theorem is proved.
Remark. The operator D (n,|λ|/2) is a deformation of the Laplace-Beltrami operator D (n,0) of CH n . It is a Laplacian in the sense of Bochner ( [2] ) and allowed in [3] to give another integral representation of the subelliptic heat kernel of the AdS space. For n = 1, the operator D (1,|λ|/2) may be mapped using a weighted Cayley transform to the so-called Maass Laplacian (see Remark 2.1. in [2] ) in reference to Hans Maass who used it to study weighted automorphic forms (the weight is |λ|/2).
In analogy with the Heisenberg group setting, we shall compute the Mellin transform of θ t,1 . In this case, the heat kernel of the three dimensional real hyperbolic space admits a simple expression. Besides, we can express the obtained expression through the Riemann Zeta function. 
be the spherical modified Bessel function and let
be the confluent hypergeometric function of the first kind. Then, for any µ > 0,
In particular, there exist a sequence of real numbers (c j (µ, t)) j≥0 such that
where ζ stands for the Riemann Zeta function.
Proof. Using the formula ([8]):
with β = 1/(2t), a = u/t, we get:
where we set:
When n = 1, we appeal to the formula (11) to get
Using the Legendre duplication formula:
, and changing the order summation in the last series, we further get
Finally, The first Kummer transformation ( [1] ):
2t yields the first formula of the proposition. As to the second one, it follows from the expansion of the product
and the integral representation:
As a corollary of the previous proposition, we obtain the Mellin transform of the time change:
where (r t ) t≥0 is the diffusion with infinitesimal generator L (0,0) . Indeed, the following equality in distribution was proved in [4] :
, where (β t ) t≥0 is a standard Brownian motion independent from (r t ) t≥0 . As a matter of fact,
, whence we readily deduce:
The Hopf fibration
In this section, we deal with the spherical analogue the AdS fibration, commonly known as the Hopf fibration ( [9] ). Here, the base space is the complex projectif space CP n ⊂ C n+1 and the total space is the odd-dimensional sphere
on which the circle acts isometrically. We similarly denote (w 1 , . . . , w n ) the inhomogeneous coordinates in the chart z n+1 = 0 and consider a Brownian motion (w(t)) t≥0 on CP n starting at zero. Then, the generalized stochastic area process arising from the Hopf fibration is defined by:
Recall also from [4] that the characteristic function of ξ t,n is given by:
where p (n−1,|λ|) t is the heat kernel with respect to Lebesgue measure of the circular Jacobi generator:
r + ((2n − 1) cot r − (2|λ| + 1) tan(r))∂ r , r ∈ (0, π/2), subject to Neumann boundary condition at r ∈ {0, π/2}. From the the appendix of [4] , we deduce the expansion of p (n−1,|λ|) t in the basis of Jacobi polynomials: (19)
Rather than performing a kind of a Doob-transform (12) as in the Anti de-Sitter case, we shall derive the density of ξ t,n using direct computations, that is by working out the integral in the RHS of (18). This difference between the two methods stems from the fact that the factor e −n|λ|t in (18) encodes the long-time behaviour of ξ t,n , while the factor e −λ 2 t/2 (which does the same for θ t,n ) is present in (13) but not in (10) . The issue of our computations is summarized in the following Theorem:
Theorem 2. For any integer n ≥ 1 and any real t > 0, the density Φ t,n of ξ t,n with respect to Lebesgue measure in R is given by:
where for any j ≥ 0, the coefficients a k,n (j) are defined by the decomposition:
with a 0,n (0) = 0.
Proof. Firstly, we plug (19) in (18) and use Fubini Theorem to get:
Secondly, we need to compute the above integral. To this end, we expand the Jacobi polynomial as
and perform the variable change v = cos(r):
But, the representation (5) of Jacobi polynomials together with the symmetry relation:
imply for any λ = 0,
This expression remains valid for λ = 0 after taking the limit as λ → 0. More precisely, the variable change v = cos(2r) shows that
On the other hand, if j = 0 then
while if j = 0, then the relation xΓ(x) = Γ(x + 1) yields:
As a result, for any λ ∈ R,
Finally, it suffices to invert termwise this expansion. To proceed, we write for j ≥ 1,
as a rational function of |λ| which tends to 2 n when |λ| → ∞. Consequently, it may be decomposed as
Similarly, if j = 0 then
We also notice that the coefficients a k,n (j), k ∈ {0, . . . , n} are polynomial functions of j with uniformly bounded degrees by n. As a matter of fact, the formula
together with Fubini Theorem lead to the sought density. Remark. For any t > 0, the density of ξ t,n /t is tΦ t,n (tv) and its limiting behavior as t → ∞ is given by the term j = 0 in the above series. From the identity n k=1 a k,n (0) 2k = 1 − 2 n , and the dominated convergence Theorem, we readily compute
Consequently, ξ t,n /t converges in distribution as t → ∞ to a Cauchy random variable of parameter n. This limiting result was already proved in [4] directly from the characteristic function (18).
In the particular case n = 1 which corresponds to the Riemann sphere, we can easily compute the coefficients a 0,1 (j) = −2j and a 1,1 (j) = −2(j + 1) for j ≥ 0 and obtain the following:
Corollary 2. The density Φ t,1 of ξ t,1 reduces to:
Winding processes in CH
1 and in CP
1
In this section, we are interested in winding processes around the origin in the Poincaré disc CH 1 and in the complex projective line CP 1 . As in the Euclidean setting, these processes are naturally defined as angular parts of Laplace operators of their corresponding geometrical models. In [4] , the characteristic functions of their fixed-time marginal distributions were expressed as expectations with respect to the hyperbolic Jacobi and ultraspherical operators (see below) and their large-time behavior were determined. In the next paragraph, we shall derive the semi-group density of the winding process in CH 1 .
5.1. The Poincaré disc. The Laplace operator of the Poincaré disc CH 1 is given by:
This is the infinitesimal generator of the Brownian motion in CH 1 and reads in cylindrical coordinates z = tanh(r)e iφ , r ≥ 0,:
From the relation between Jacobi and ultraspherical polynomials and using Legendre duplication formula, we can rewrite this kernel as:
.
By the virtue of (21) and of the bound: Remembering (22), we are done.
13
Unlike for the generalized stochastic area arising from CP ⋉ , we do not know how to derive the density of the winding ψ t . Nonetheless, note that (7) (1) as a Fourier transform in the variable λ, and that Γ(j + |λ|/2) Γ(|λ|/2 + j + 3/2)
, sin |λ| (2r 0 )e −2(λ 2 +|λ|)t are obviously Fourier transforms of probability measures.
